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Tumor growthA continuum volumetric growth theory is presently elaborated based on the stress-free conﬁguration.
The total deformation gradient is the composition of a growth mapping followed by an elastic mapping
ensuring the compatibility of the body. A measure of the growth rate fully lying in the stress-free conﬁg-
uration is elaborated, and the balance of momentum accounting for mass changes due to growth is
written in the same conﬁguration, highlighting measures of kinematic incompatibilities. An Eshelby
stress is identiﬁed as the driving force for growth, in the sense that it appears as the true dissipative
thermodynamic force conjugated to the growth rate. Examples of incompatible cylindrical growth with
residual stress generation and tumor growth with mechanics coupled to diffusion of nutrients illustrate
the proposed theory.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Growth of biological tissues has attracted the attention of many
researchers in the last two decades, considering the mere contin-
uum point of view, tracing back to Galilei Galileo, who suggested
that the size and forms of animal bones are determined by their
function and their weight. A nice survey of the existing literature
is provided by the review article of (Taber, 1993). From the point
of view of the terminology, growth (resp. atrophy) describes the
physical processes by which a material of solid body increases
(resp. decreases) its size by addition (resp. removal) of mass. A
clear distinction is generally made between growth per se, remod-
eling (change of properties), and morphogenesis (shape changes),
although connections clearly exist between those three aspects of
biological evolution.
Volumetric growth has been well documented for speciﬁc bio-
logical systems such as arteries, muscles, the heart and solid tu-
mors (Taber, 1995; Humphrey, 2003; Ambrosi and Mollica, 2002;
Cowin, 2004). The framework of continuum mechanics has been
naturally adopted for the description of soft biological tissues, rec-
ognizing since the early works of Skalak et al. (1973) and Fung,
(1990, 1993) that soft tissues have a complex nonlinear aniso-
tropic, inhomogeneous constitutive behavior, and most often de-
velop large strains (Humphrey, 2003). Hence, the theory of ﬁnite
strain elasticity has been very often adopted to describe their
mechanical behavior. The effect of growth in biological materialshas been modeled in the literature since the late sixties considering
that the deformations are due to mass change and to elastic defor-
mation induced by growth (Hsu, 1968; Cowin and Hegedus, 1976;
Skalak, 1981; Entov, 1983; Drozdov, 1990; Stein, 1995). These lines
of thoughts were brought to a more achieved model of the kine-
matics in Rodriguez et al. (1994), who introduced the multiplica-
tive split of the total deformation gradient into a growth
deformation tensor describing the local addition of mass and an
elastic tensor accounting for the local reorganization of the body
required to restore the kinematic compatibility. From this kine-
matic point of view, the problem of growth is classically analyzed
in terms of the evolution of a growth tensor, associated to a natural
conﬁguration of the living body, which proves convenient to set up
an objective constitutive law (Epstein and Maugin, 2000; Rodri-
guez et al., 1994; Ambrosi and Mollica, 2002; Lubarda and Hoger,
2002). The concept of ‘natural conﬁgurations’ has been introduced
by Rajagopal (1995) and Rajagopal and Srinivasa (1998) in various
contexts, see also Humphrey and Rajagopal (2002), as an adequate
framework in the modeling of growth. As pointed out in Hall et al.
(2012), despite the extensive literature related to the kinematics of
growth, the prescription of the evolution law of the stress-free
state remains ambiguous (Ambrosi et al., 2011). The multiplicative
decomposition of the transformation gradient is at the root of
morphoelastic theories, which bring some remedy to this ambigu-
ity by modeling growth in an incremental manner, recognizing
that new growth occurs from a residually stressed conﬁguration
(Goriely and Ben Amar, 2007; Goriely et al., 2008; Goriely and
Moulton, 2011); as a consequence, a virtual stress-free state needs
to be determined after each growth step.
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feature of the mechanics of blood vessels and arteries; those resid-
ual stresses are due to the behavior of elastic produced by the
ﬁbroblast during tissue growth (Humphrey, 2002). They are associ-
ated to the incompatible nature of the growth (Skalak et al., 1996;
Taber and Humphrey, 2001), and they act (residual compression
state within the artery) to minimize the amplitude of physiological
stresses (Ohayon et al., 2007), and thus allow to maximize the
physiological conditions and the life time under dynamical operat-
ing conditions. Models based on the decomposition of the transfor-
mation gradient into a growth mapping and an elastic contribution
prove able to predict the residually stressed conﬁguration; the pro-
cedure to determine those residual stresses relies on a mechanical
computation under the assumption that a stress-free conﬁguration
does exist. This last conﬁguration corresponds to the reassembly of
the tissue after a radial cut has been performed to release the resid-
ual stresses (Bustamante and Holzapfel, 2010; Mesnier, 2011). This
method has been fully exploited for arteries by Takamizawa
(1991), relying on the analogy between the opening angle of arter-
ies and the amplitude of residual stresses. This pioneering work
further inspired Skalak et al. (1996), who showed relying on differ-
ential geometry arguments introduced in Blume (1989) that the
stress incompatibility mentioned by Rodriguez (1996) is of a pure
geometrical nature.
The growth models can be classiﬁed into three main families:
 The kinematic growth models including an evolution towards a
homeostatic state, starting from the multiplicative decomposi-
tion of the transformation gradient ﬁrst advocated in (Rodri-
guez et al. 1994); further contributions in this direction
include (Taber 1998; Rodriguez et al. 2007; Alford et al. 2008;
Vignes and Papadopoulos 2010). Those approaches suffer nev-
ertheless from the absence of a rational framework;
 Approaches that borrow from elastoplasticity relying on the
second principle of thermodynamics for open systems to iden-
tify growth laws (Kuhl et al. 2007; Menzel 2007; Olsson and
Klarbring 2008); in this category of models, Eshelby stress plays
sometimes a prominent role in the writing of the growth law
(Kuhl et al. 2007), following the idea of a dissociation of the
motion in physical space from the true microstructural evolu-
tions due to growth or remodeling, those occurring in an evol-
utive reference conﬁguration;
 A third class of models describes the remodeling of the arterial
wall, including the evolutions of the collagen ﬁbers (Driessen
et al. 2004; Hariton et al. 2007; Menzel 2007; Kuhl and Holzap-
fel 2007; Driessen et al. 2008).
The advantages and drawbacks of those models are discussed in
the recent contribution (Menzel and Kuhl 2012). We presently con-
sider the growth of an elastic body, and use the theory of ﬁnite
elasticity to describe the volumetric deformation of this body sub-
mitted to mechanical loads and the stresses induced by growth.
We rely on the decomposition of the total deformation into a
growth stage occurring at the local level around each material
point, and producing an intermediate stress-free but nonintegrable
conﬁguration; this deformation and the conﬁguration it produces
is virtual. It is accompanied by an additional elastic deformation
needed to maintain the integrity of the body, so that the ﬁnal con-
ﬁguration is compatible.
The main novelty advocated in this contribution is the setting
up of a framework for volumetric growth that is consistent from
a kinematical and thermodynamical point of view. Especially, a
measure of growth rate fully living in the intermediate conﬁgura-
tion will be elaborated (Section 3). The balance of momentum ex-
pressed in the same conﬁguration will highlight an Eshelby stress
balancing the source of mass and the measures of kinematicincompatibilities (Section 4). The writing of the local dissipation
will further evidence that this Eshelby stress is conjugated to the
introduced growth rate (Section 5), while acting as a driving force
for the evolution of the shape of the growing domain (Section 7).
Two-dimensional examples of cylindrical growth and tumor
growth shall illustrate the presented formalism (Section 6). We
shall close this contribution by mentioning a few conclusions and
perspectives (Section 8).
2. Notations
The relations of tensor algebra and tensor analysis that prove
useful in the present work are summarized in the sequel. Vectors
and second order tensors are denoted as boldface symbols; when
considered as a linear operator between two vector spaces, the
same tensor is nevertheless written without boldface. The dot be-
tween two tensors denotes their tensor product, vizA:B :¼ AikBkj
Furthermore, the double tensorial contraction of two tensors
A;B is deﬁned as
A : B :¼ TrðAt :BÞ ¼ TrðA:BtÞ ¼ AijBij
wherein the transpose of the second order tensor A is written At ,
and Trð:Þ;detð:Þ are successively the trace and determinant of a sec-
ond order tensor. Recall that the cofactor of a second order tensor is
deﬁned as
cof ðAÞ :¼ detðAÞAt
The vectorial product of a second order tensor A and a vector v
is deﬁned by
A ^ v ¼ ðA vÞ : E
In which the dyadic product is the third order tensor with com-
ponents ðA vÞijk ¼ Aijvk.
The third order tensor E therein denotes Levi–Civita permuta-
tion tensor, here in material format; its covariant components
are given as the mixed product of the three basis vectors fEig1 (tan-
gent vectors in the reference conﬁguration)
Eijk ¼ ½Ei;Ej;Ek
A similar deﬁnition holds for the physical permutation tensor
(deﬁned in the current conﬁguration) e, related to its material
counterpart E by
e ¼ j FF½  : E:Ft
with F the transformation gradient, and j :¼ det F1
 
. We have
here introduced the following nonstandard dyadic product of two
second order tensors, expressed in component form as
ABð Þijkl ¼ AikBjl
The curl of a second order tensor is deﬁned from the previous
vectorial product as (here the material curl, that is the curl in the
reference conﬁguration):
CurlA :¼ rX ^ At
The notations Curlð:Þ and curlð:Þ shall be adopted for the mate-
rial and spatial curl (this last curl is calculated in the actual conﬁg-
uration) of a second order tensor respectively. Adopting the
following deﬁnition of the vectorial product of two second order
tensors:
M ^N :¼ ðM:NtÞ : E
it follows
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¼ Ai½J;KEJKj
with the bracket denoting the antisymmetrization of the indices it
encloses. One additionally has the relation
rskewX A ¼ rXA : Iskew
Based on those deﬁnitions, it easily follows the relation
ðrX ^ AÞ:E ¼ 2rXA : Iskew; 8A
3. Kinematics of growth in the stress-free incompatible
conﬁguration
We consider a solid body with referential conﬁguration B0 that
deforms into a physical conﬁguration B; the total deformation map
is the tangent mapping F relating B0 to B. The same body undergoes
a volumetric growth represented by a growth mapping G from B0
into an intermediate conﬁguration Bg; it is assumed that this
growth deformation does by itself not introduce stresses, although
it brings geometrical changes into the original body.
3.1. Multiplicative decomposition of the total transformation gradient
The growth mapping is in general incompatible (and stress-free
by construction), and an additional (here supposed to be elastic)
deformation map A from Bg to B is needed to restore the kinematic
integrity (compatibility) of the whole body. Neither G nor A are in
general the gradient of position ﬁelds, so they rather represent tan-
gent mappings between conﬁgurations. Accordingly, the following
multiplicative decomposition of the total deformation gradient is
expressed (written here as a composition of linear mappings be-
tween the tangent spaces of the conﬁgurations)
F ¼ A:G ð3:1Þ
The transformationgradientF :¼ rXx therein represents as a sec-
ond order tensor the tangentmapping between B0 and B; its inverse
shall be denoted f :¼ F1. The elastic mapping A introduced causes
residual stress in thebody, in agreementwithmorphoelasticmodels
in Goriely andMoulton (2011). Those residual stresses are the stres-
ses resulting from the incompatible nature of growth in the absence
of external loading. The mapping A is able to incorporate external
loads, thus it may itself decompose multiplicatively into two sepa-
ratemappings, theﬁrst one fromthegrownto the residually stressed
conﬁguration, and the second one from the residually stressed con-
ﬁguration to the current conﬁguration, (Goriely andMoulton, 2010).
We use in (2.1) the original notations introduced in Goriely and
coworkers (Goriely and Ben Amar 2007; Goriely et al. 2008;
Vandiver and Goriely 2009). This multiplicative decomposition is
reminiscent of the classical analogous Lee decomposition in ﬁnite
strain plasticity (Lee, 1969), who expressed the deformation gradi-
ent as the product of an elastic and a plastic part. It has been intro-
duced in Rodriguez et al. (1994) to model soft tissue growth, and at
a contemporary period by Cook (1995) in the context of dermal
wound healing. Those two pioneering works were introduced
without reference to (earlier) plasticity theories, and were later
on expanded by several researchers, amongst of them (Chen and
Hoger, 2000), (Goriely and Ben Amar, 2005), (Goriely et al.,
2008), (Ambrosi and Mollica, 2004; Ambrosi and Guana, 2007;
Ambrosi and Guillou, 2007), and (Vandiver, 2009).
It follows from (3.1) the multiplicative decomposition of the
Jacobean of the deformation map
J :¼ detðFÞ ¼ JaJg ð3:2Þ
with Ja :¼ detðAÞ; Jg :¼ detðGÞ measuring the volume changes dur-
ing the elastic and the growth deformation, respectively.One reason for the requirement of the existence of a stress-free
conﬁguration is the setting up of a constitutive law; the growing
body looses indeed the memory of the initial reference conﬁgura-
tion (which proves convenient in hyperelasticity and in the absence
of growth), which is a major difference with plasticity. Hence, con-
stitutive laws can be written either directly in the actual conﬁgura-
tion (compatible), or in the stress-free but incompatible
conﬁguration. As pointed out by several authors, the stress-free
conﬁguration is rather a concept, since it requires the residually
stressed body to be cut into inﬁnitesimally small parts to really be-
come stress-free (Klarbring et al., 2007; Goriely and Ben Amar,
2007; Goriely and Moulton, 2011). From a modeling point of view,
the stress-free conﬁguration is obtained by local relaxation pro-
cesses that take place at eachmaterial point considered as indepen-
dent from neighboring points, so that this conﬁguration is generally
incompatible. This is a major difference with the unloaded conﬁgu-
ration that furnishes another reference conﬁguration for a growing
body: this last conﬁguration is indeed compatible but residually
stressed. Remembering that only the actual stressed conﬁguration
is known, one is faced with the problem of setting up the constitu-
tive response of the material from this known actual conﬁguration.
The theory of morphoelasticity has been recently developed to
remedy those deﬁciencies (Hall et al., 2012; Goriely and Moulton,
2011; Goriely and Ben Amar, 2007); we herewith develop a theory
of volumetric growth basing on the concept of a virtual stress-free
possibly incompatible conﬁguration introduced by the proponents
of the morphoelasticity theory to write down the constitutive re-
sponse of the growing body. In the same spirit but from a mere
kinematic point of view, Hall et al. (2012) point out the need to de-
ﬁne measures of growth with respect to the actual conﬁguration,
due to the fact that the growing body looses the memory of the ini-
tial conﬁguration. Those authors introduce in fact a measure of the
growth rate relying on distances evaluated in both the actual and
stress-free conﬁguration, leading to an advection equation for the
elastic deformation.
3.2. Growth rate measures
An alternative deﬁnition of the measure of growth rate is fur-
ther introduced, based on the anholonomic gradient elaborated
as (the partial derivative with respect to a ﬁeld u will be denoted
here and in the sequel by the condensed notation @u)
r :¼ At:r() @kð:Þ ¼ @ ið:Þ @x
i
@xk
¼ Aiak@ið:Þ ð3:3Þ
involving the Pfafﬁan transformation A: thereby, the Eulerian gradi-
ent is ﬁrst evaluated, and the result is then pulled-back to Bg , via the
transpose of the elastic deformation. In this way, an anholonomic
base system ej is elaborated in Bg (or rather in its tangent space) as
ej ¼ Fia;jei
associated to the nonholonomic coordinate system x ¼ Xg ()
xk ¼ Xgk. The deﬁnition of the nonholonomic gradient enables in
this way to perform derivation of quantities that are not ﬁelds in
terms of the (nonintegrable) coordinates ðxgkÞk in Bg , and to write
equilibrium equations in the same conﬁguration, as shown later
on. Let then start from the growth rate deﬁned as
g :¼ rDxg
Dt
¼ At:r Dxg
Dt
 
ð3:4Þ
This writing circumvents the impossibility of evaluating the
gradient directly in Bg; in order to compare with the deﬁnition of
the growth rate adopted in (Hall et al. 2012), note that the 1D writ-
ing of deﬁnition (3.4) resumes to (due to kinematic compatibility,
one is allowed to derive with respect to the coordinates xg)
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@xg
Dxg
Dt
 
ð3:5Þ
Although this last quantity is not directly calculable, the pull-
back of the eulerian gradient r DxgDt
 
into Bg with the mapping A
t
provides an indirect evaluation. Pursuing further with the one
dimensional version gives the material derivative of the growth
deformation as
DG
Dt
¼ G:g ð3:6Þ
The tensorial generalization of previous equality writes
DG
Dt
¼ g:G! g :¼ DG
Dt
:G1 ð3:7Þ
It is clear from deﬁnition (3.7) that the tensor g is a measure the
growth rate completely living in the intermediate conﬁguration Bg;
it is accordingly intrinsic to the growth process, and does not in-
volve an eulerian observer. Furthermore, the advantage of this def-
inition is that no advection equation is required for the elastic
deformation A, due to the fact that the growth rate involves only
one system of coordinates. The constitutive form of the growth rate
versus the driving forces for growth shall be given later on in this
contribution, based on thermodynamic arguments.
Incompatibility measures due to growth can be characterized
by the closure defect of the circulation of the position vector along
a closed circuit Ct , viz
½xg  ¼
I
Cg
d~~xg ¼
I
Ct
A1:d~~x 
Z
At
curlðaÞ:ndrt ð3:8Þ
involving the Eulerian gradient (in the evaluation of the curl), and
highlighting that the second order tensor curla ¼ rXa : e ¼
rX ^ Gt is an incompatibility measure; the notation a :¼ A1 will
be used here and in the sequel for the inverse elastic mapping, both
considered here as second order tensors. The vector n therein is the
unit exterior normal to the eulerian surface At on which the closed
contour Ct is drawn.
Considering the incompatible growth mapping, one may simi-
larly deﬁne the incompatibility measure as the second order tensor
bg :¼ rXG : E  CurlG ¼ rX ^ Gt ð3:9Þ
here involving the material gradient, such that
½xg  ¼
I
Cg
d~~xg ¼
I
C0
G  d~~x0 
Z
A0
bg NdS0 ð3:10Þ
The vector N therein is the unit exterior normal to the referen-
tial surface A0 on which the closed contour C0 is drawn. Such cur-
vilinear integrals vanish in case of compatible conﬁgurations;
conversely, their nonvanishing value for a nonholonomic coordi-
nate system witnesses a torsion-like defect. Thereby, growth
incompatibilities are viewed as geometrical defects, revealed e.g.
by the opening-angle method, originally proposed by Chung and
Fung (1986) to highlight the residual stresses in arteries. Observe
that the conﬁguration thus obtained is compatible, but may not
be stress-free; a stress-free but incompatible conﬁguration such
as the present Bg is obtained conceiving a local relaxation in the
vicinity of each material point in B, see Klarbring et al. (2007). A
theory of residual stresses has been presented by the same author,
who showed the existence of a stress-free compatible conﬁgura-
tion when some curvature tensor vanishes.
The elaborated measures of kinematic incompatibilities shall
next be involved in the balance of momentum expressed in the
stress-free incompatible conﬁguration.4. Balance equations in the stress-free conﬁguration
4.1. Balance of mass and momentum in reference and current
conﬁguration
Considering the framework of hyperelastic materials, the global
mechanical energy of the solid body may be deﬁned from volumet-
ric densities attached to the stress-free and actual conﬁgurations,
respectively the scalar valued functions Wg ;Wt , with arguments
Wg ¼WgðAÞ;Wt ¼Wt f :¼ F1
 
The strain energy density in the intermediate conﬁguration Bg
depends on the elastic deformation, whereas the eulerian density
involves the inverse deformation gradient as its argument, in line
with conﬁgurational mechanics, which involves the inverse motion
(Maugin, 1993). Thereby, a stress measure is introduced in the vir-
tual conﬁguration
Pa :¼ @AWgðAÞ ð4:1Þ
Previous densities satisfy the set of equalities
Emech ¼
Z
Bg
Wgdxg ¼
Z
Bt
Wtdxt ð4:2Þ
traducing the invariance of the mechanically stored energy when
the parameterization of the material points is changed (it shall
not be confused with a balance of energy, as growth modiﬁes
the energy balance of the body), hence by a mere change of vari-
able in (4.2) the following relationships between densities are
obtained
JgWg ¼ JWt )Wg ¼ JaWt ð4:3Þ
Balances of mass and momentum accounting for source terms
are next written.
Expressing the total mass as MðBÞ ¼ RB qðxÞdx, the mass varia-
tion due to the transport phenomena is written as the following
integral accounting for source terms p, allowing the identiﬁcation
of the mass production as follows
dMðBÞ
dt
 
source
:¼
Z
B
pdx ¼
Z
B
Cqdx) p ¼ Cq ð4:4Þ
with C the rate of mass variation due to growth (a quantity having
the dimension of the inverse of time). Assuming mass is preserved
during elastic deformation, the continuity equation delivers the fol-
lowing relation between the initial and actual densities, quantities
q0;q, as
q0 ¼ Jaq ð4:5Þ
The static version of the Eulerian version of the balance of
momentum in the case of smooth ﬁelds accounting for mass
growth writes (from equality (4.14) in Ganghoffer (2011))
rx:rþ bþ ðm:rÞv ¼ 0 ð4:6Þ
This equality shall serve as a starting point in view of the writ-
ing of its counterpart in the stress-free conﬁguration. Note that the
balance of angular momentum delivers the symmetry of Cauchy
stress, r ¼ rt . In the next subsection, the balance of momentum
is further expressed in the intermediate incompatible conﬁgura-
tion, introducing new stress measures.
4.2. Momentum balance in the intermediate incompatible
conﬁguration
Starting then from the eulerian balance of momentum, Eq. (4.6),
the immediate application of the generalized Piola identity
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rations delivers the identity
Jarx:r ¼ r:Pa þ Pa:s ð4:7Þ
involving successively the following stress measure and the
measure of kinematic incompatibility (a vector) based on the curl
of the elastic deformation, as
Pa :¼ detðAÞr:At  r:cof ðAÞ ¼ @FaWgðAÞ;
sa :¼ A1
 c
:b
rcðAÞb:a raðAÞb:c
 
ð4:8Þ
Note from the third equality in (4.8) that tensor Pa is actually a
stress measure in the intermediate conﬁguration. Using (4.7), the
static equilibrium equation in the incompatible conﬁguration Bg
writes
r:Pa þ Pa:sþ Jabþ Jaðm:rÞv ¼ 0 ð4:9Þ
involving the body forces Jab lying in Bg , and the eulerian mass
ﬂux. The tensor Pa is however not fully attached to Bg , as it has one
leg in Bg , and the other leg in B. In analogy with the construct of
Eshelby stress in conﬁgurational mechanics (Maugin, 1993; Gross
et al., 2003; Steinman and Maugin, 2005; Menzel and Steinmann,
2007), one elaborates from Pa the Eshelby stress living exclusively
in Bg
Ra :¼WgðAÞI At  Pa ¼ @aðjaWgÞ:cof ðAÞ ð4:10Þ
Previous identity results from the equalities
@aWg ¼ At@AWg :At ; Pa ¼ @AWg ; @aja ¼ cof ðaÞ ¼ jaat ¼ jaAt
and a straightforward calculation shows the identity
Ra ¼ @aðjaWgÞ:cof ðAÞ, with ja ¼ J1a , and a ¼ A1 the inverse elastic
mapping.
Using further the generalized Piola identity based on the rela-
tion (4.10)2 relating the stress tensors Ra and @fa ðjaWgÞ, the follow-
ing equilibrium equation is obtained in terms of Ra:
r:Ra þ Ra:s ¼ Jarx:@aðjaWgÞ ð4:11Þ
The consideration of r as an Eulerian Eshelby stress, viz the
relation
r ¼WtI ft :@fWt WtI at :@aðjaWgÞ ð4:12Þ
leads to the eulerian divergence of Cauchy stress as
rx:r ¼ rx:ðWtItÞ  rx:ðat:@aWtÞ ð4:13Þ
Combining previous equality with the identity
rx  at :@aWt
   at :rx:@aWt þ rx:at   @aWt
leads to the equilibrium in terms of @aWt , viz
rx:ð@aWtÞ  At:b ðm:rÞAt :v ¼ 0 ð4:14Þ
Inserting (4.14) into (4.11) and using the relation (4.6) then re-
sults in the equilibrium condition
r:Ra þ Ra:s ¼ JaAt :bþ Jaðm:rÞAt :v ð4:15Þ
involving the Eshelby stress Ra, the measure of kinematic
incompatibility s and the eulerian ﬂux of mass m. Note that the
pull-back of the eulerian velocity, quantity At :v, plays the role of
a growth velocity in Bg .
In the sequel, the local dissipation resulting from growth is ex-
pressed in terms of the evidenced growth Eshelby stress Ra, in or-
der to write an evolution law for the growth strain rate introduced
in Section 2.5. Evolution law for growth
There have been many attempts to understand and model the
effect of stress on growth, including simple descriptions, such as
constant growth (the growth tensor is supposed to be unaffected
by stress, as in Chen and Hoger (2000), or Klisch et al. (2001)), dif-
ferential growth, this coinage indicating that G is position depen-
dent, hence some parts of the body grow at a faster rate than
other parts. Tenants of this second kind of description are (Goriely
and Ben Amar, 2005). The more complex description recognizes
the feedback of stress on growth (sometimes such a regulation is
supposed to act at the very cell level), and models in this category
formulate the growth rate tensor as a function of the Cauchy stress.
We herewith propose to describe the inﬂuence of the local
stress on growth, adopting the framework of irreversible thermo-
dynamics. This proves convenient as growth per se is an irrevers-
ible process, hence one should be able to identify the local
dissipation due to growth.
The local dissipation expresses in a pure mechanical context
(neglecting chemical and thermal effects) as the following inequal-
ity expressed in the reference conﬁguration (Ganghoffer and Haus-
sy, 2005):
Jr : D d
dt
ðq0wÞP 0 ð5:1Þ
considering an energy density per unit mass in the initial conﬁgura-
tion w ¼ wðAÞ, related to the referential volumetric strain energy
density Wg ¼ WgðAÞ by the relation Wg ¼ q0w. The second order
tensor D is the symmeterized velocity gradient. The assumed
dependencies of the potential w ¼ wðAÞ then lead to the writing of
the second law as the following inequality:
Jr : _F:F1
 
 d
dt
ðq0wÞP 0) Jar:At  q0@Aw
 
: _Aþ JaAt:r:At  q0wI
 
: _G:G1
 
P 0 ð5:2Þ
substituting variations to the material derivatives, and dividing
both members of the inequality by qJ, using (4.5). The arbitrariness
of the virtual velocities _A then leads to the vanishing of the multi-
plicative factor therein, hence the constitutive relation
Jrr:A
t  q0@Aw ¼ 0! q0@Aw ¼ Jrr:At ð5:3Þ
Inserting this expression into the previous local dissipation then
gives
q0A
t
:@Aw q0wI
 
: _G:G1
 
P 0
thereby recognizing the previously elaborated growth Eshelby
stress
Ra :¼ q0wI q0At :@Aw  WgI At:@AWg ð5:4Þ
and the previously deﬁned growth rate g :¼ _G:G1, written in equiv-
alent incremental form in (5.2). Observe that g plays the role of a
growth deformation rate, similar to the deformation rate in contin-
uum mechanics.
From the dependency w ¼ wðAÞ, the previous derivations lead to
the Cauchy stress expressed as
r ¼ q@Aw:At ð5:5Þ
This is the constitutive law for the growing body. Accounting
further for (5.5), the dissipation (dividing expression (5.4) by the
factor Ja) resumes to
q/ ¼ q At:@Aw wI
 
: g ¼ qRa : gP 0 ð5:6Þ
The local dissipation is further rewritten in a Lagrangian format
involving products of ﬂuxes with associated forces:
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q/  Ra : gP 0 ð5:7Þ
introducing therein the modiﬁed Eshelby stress Ra :¼ Ra=Ja. Evolu-
tion laws for the ﬂux variables can be written from the formulation
of the second law, provided a model for the dissipation potential /
has been constructed; it follows from (5.7) that a general (nonlin-
ear) growth model writes as the functional relationship
g ¼ f ðRaÞ. Linear growth models have been obtained in the same
spirit, see (Ambrosi and Guana 2007).
Observe that our model could a priori incorporate an homeo-
static stress Ra that would drive the growth towards a target stress,
for the purpose of relaxing the possibly high levels of internal
stresses, as
g ¼ f Ra  Ra
 
We easily see from previous equality that growth ceases when
the homeostatic stress is reached.
Growth has been deemed as dissipative, otherwise, there would
be a part of growth being reversible that would be accounted for as
elastic ‘deformation’. It is clear that growth is irreversible from a
biological point of view; however, it is not so clear that growth is
accompanied by dissipation (e.g. bone growth and remodeling is
a dynamical process under which new bone is constantly de-
stroyed and generated). The dissipative nature of growth is due
here to the adopted formalism, which bears strong analogy with
elastoplasticity, and involves the second principle of thermody-
namics for the identiﬁcation of the growth law. We thereby follow
the second class of growth models mentioned in the introduction.
Furthermore, the writing of the local dissipation is an elegant pro-
cedure to derive the growth model, which otherwise would result
from a mere postulate. Dissipation type inequalities as (5.6) pro-
vide restrictions on the admissible form of the growth law provid-
ing the evolution in time of g, thus of G, and they provide
admissible constitutive laws which would instead be simply postu-
lated (and may therefore violate the second principle). This meth-
odology based on the identiﬁcation of the local dissipation is
especially useful when the growth model accounts for coupled
phenomena such as diffusion coupled to stress generation due to
growth, see (Ambrosi and Guillou, 2008).
As a summary of the developed model, the local equations to be
solved describing the quasi static growth of a solid body write as
the following system, expressing successively the kinematics, the
constitutive law, the balance of momentum and the growth law:
ðSÞ :
F ¼ A:G
Wg ¼WgðAÞ ! Pa :¼ @AWgðAÞ ! Ra :¼ WgðAÞI At:Pa
sa :¼ ðA1Þ
c
:bðrcðAÞb:a raðAÞb:cÞ
r:Ra þ Ra:s ¼ JaAt :bþ Jaðm:rÞAt :v
g ¼ f ðRa=JaÞ
8>>>>><
>>>>:
The writing of the growth law in terms of Eshelby stress is con-
sistent with the adopted kinematic viewpoint of growth occurring
in a changing referential conﬁguration; we thereby distinguish be-
tween the motion problem per se and the evolution the reference
conﬁguration due to growth. This is further in agreement with the
belief that growth is not directly linked to the motion, at least from
a biological point of view. The elaborated growth model is in line
with the point of view of conﬁgurational mechanics, in the sense
that it identiﬁes the driving force for growth in the true conﬁgura-
tion where internal processes responsible for structural rearrange-
ments of the body (growth) occur. The concept of conﬁgurational
mechanics is indeed particularly suited for the modeling of defects
in a broad sense, such as inhomogeneities, heterogeneities, phase
boundaries in solid mechanics since these phenomena are driven
by conﬁgurational forces present in the conﬁgurational balanceof linear momentum, Podio-Guidugli (2001, 2002). The consider-
ation of forces acting on defects dates back to the pioneering works
by Eshelby (1951, 1956). Several monographs elaborate the con-
cept of conﬁgurational mechanics and mechanics in material
space, as for instance Maugin (1993), Silhavy (1997), Gurtin
(2000), Steinmann and Maugin (2005). Eshelby type stress tensors
commonly serve as the driving quantity for the plastic distortion
rate, and are by analogy identiﬁed as the driving stresses for
growth. Recent growth models based on Eshelby stress for the pre-
diction of residual stresses include the contribution of Olsson and
Klarbring (2008), wherein conﬁgurational forces are introduced
ad hoc and expressed versus the state variables later on.
As shall be highlighted in Section 7, the Eshelby stress Ra further
acts as the driving force triggering the variation of the domain occu-
pied by the growing solid body in the intermediate conﬁguration.
From a mechanical standpoint, growth models could neverthe-
less be written with either stress measures, as long as they do not
violate the basic principles of mechanics (and thermodynamics).
6. Examples
We present in this section two illustrations of the elaborated
growth model: a ﬁrst academic example of 2D cylindrical growth,
followed by the more complex situation of bone growth based on a
realistic geometry.
6.1. Two-dimensional example of cylindrical growth
We consider the more involved situation of the growth of an
incompressible cylinder obeying a hyperelastic constitutive law,
restricting to a cross-section of the tube by considering a
symmetrical growth. The Lagrangian and eulerian coordinates are
respectively ðR;H; ZÞ and ðr; h; zÞ; the total deformation gradient
expresses under the assumption of cylindrical symmetry in those
cylindrical coordinates as
F ¼ Diagðr0ðRÞ; r=R;1Þ ð6:1Þ
The elastic deformation writes A ¼ Diagð1=a;a;1Þ, due to the
local incompressibility condition detðAÞ ¼ 1. Assuming growth
preserves the symmetry of the problem, the growth deformation
tensor writes G ¼ Diagðg1; g2;1Þ, with g1; g2 the radial and circum-
ferential growth functions, respectively. Growth is supposed to be
slow enough so that the mass ﬂux m can be neglected in the pre-
vious system (S). In order to express the evolution law of the
growth deformation, the Cauchy stress is given from the strain en-
ergy density Wg ¼WgðAÞ in the stress-free conﬁguration by
Wg ¼WgðAÞ ! r ¼ A:@AWgðAÞ  pI
with p the pressure, andWgðAÞ ¼WgðaÞ function of the sole stretch
a, due to the form of the elastic deformation tensor. Hence, the
Eshelby stress becomes
Ra ¼WgI JaAt:r:At ¼WgI r!
Ra1 ¼WgðaÞ  r1
Ra2 ¼WgðaÞ  r2
 ð6:2Þ
with the Cauchy stress components given by Goriely and Moulton
(2011)
r1ðrÞ ¼
Z r
0
aðu; tÞW
0ðaÞ
u
du; r2ðrÞ ¼ r1ðrÞ þ aW 0ðaÞ ð6:3Þ
The radial and circumferential growth rates follow then from
the adopted linear growth model as (K is a tunable constant pre-
scribing the growth kinetics)
_g1ðR; tÞ ¼ KðWgðaÞ  r1Þ
_g2ðR; tÞ ¼ KðWgðaÞ  r2Þ
 ð6:4Þ
Fig. 1. Spatial distribution of the radial elastic deformation at t = 100’’.
l ¼ 1 MPa;Rext ¼ 0:01 m;Rint ¼ 0:9Rext ;K ¼ 1009 Pa s1;BðtÞ ¼ 1þ 105 t.
Fig. 2. Spatial distribution of the radial (dotted line) and circumferential (dashed
line) growth rates at t = 100’’. l ¼ 1 MPa;Rext ¼ 0:01 m;Rint ¼ 0:9Rext ;K ¼ 101i0
Pa s1;BðtÞ ¼ 1þ 105 t.
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neous state of deformation within the cylinder (this is a realistic
situation for thin cylinders):
rðR; tÞ ¼ BðtÞR) F ¼ DiagðBðtÞ; BðtÞ;1Þ ð6:5Þ
The time dependent function BðtÞ has to satisfy the initial con-
dition Bð0Þ ¼ 1, so that the Lagrangian and eulerian coordinates
coincide at initial time. The multiplicative decomposition (3.1)
leads by direct identiﬁcation to
g1 ¼ aBðtÞ; ag2 ¼ BðtÞ ð6:6Þ
An ODE is obtained for the mapping aðr; tÞ ¼ aðrðR; tÞ; tÞ ¼
: a^ðR; tÞ, whereby the new function a^ðR; tÞ has been deﬁned from
the point mapping r ¼ rðR; tÞ, by differentiating with respect to
time the expressions (6.6) using the adopted kinematics in (6.5),
and inserting the result into the difference of growth rates
_g2  _g1 ¼ Kðr1  r2Þ ð6:7Þ
The difference of radial and circumferential stress components
expresses as (Goriely and Moulton, 2011)
r1  r2 ¼ r dr1dr ¼ aW^
0ðaÞ ð6:8Þ
Hence, inserting the growth rates deduced from (6.6) together
with the relations
_a ¼ a0ðrÞ _BðtÞR; _g2  _g1 ¼ KaW^ 0ðaÞ ð6:9Þ
gives the following ODE for the function a^ðR; tÞ :¼ aðrðR; tÞ; tÞ:
 _BðtÞa^2ðR; tÞ þ B2ðtÞ _BðtÞRa^0ðR; tÞ þ a^3ðR; tÞ _BðtÞð1þ RBðtÞÞ
¼ Ka^ðR; tÞW^ 0ðaÞ ð6:10Þ
In order to be speciﬁc, we select a strain energy density repre-
sentative of a neo-Hookean material
W ¼ l
2
a21 þ a22  2
  ¼ l
2
ð1=aÞ2 þ a2  2
 
with l the shear modulus, hence W^ 0ðaÞ ¼ l a 1=a3 . The spatial
distribution of the radial elastic stretch a1ðR; tÞ ¼ 1=aðR; tÞ is pic-
tured in Fig. 1, in the case of a hollow cylinder; the circumferential
elastic deformation is the function aðR; tÞ. The spatial distribution of
the radial and circumferential growth rates _g1ðR; tÞ; _g2ðR; tÞ is pic-
tured in Fig. 2. The cylinder is growing in the circumferential direc-
tion, whereas resorption occurs in the radial direction, due to the
corresponding growth deformations being above and below unity,
respectively. Since the cylinder is unloaded, the computed stresses
represent residual stresses, generated by the transformation of the
energy stored in the growth process into elastic energy. The compo-
nents of Eshelby stress are simply the rescaled circumferential
growth rate, according to (6.2) and (6.4), and thus are the quantities
pictured in Fig. 2 up to the constant multiplicative factor K.
6.2. Second example: spherical growth of a tumour
As a second illustration of the previous model, we consider the
growth and deformation of a small tissue element having the form
of an isotropic sphere with initial radius R0, representative of the
growth of a multicellular spheroid fed by the diffusion of nutrients.
Contrary to previous example involving no ﬁeld responsible
accounting explicitly for the nutrients responsible of the growth
process, we shall herewith set a model coupling diffusion and
mechanics in order to highlight the inﬂuence of the diffusion of
nutrients on the evolution of stresses induced by growth. In a ﬁrst
step, the effect of nutrient production on the temporal evolution of
stresses will be investigated; in view of this, a homogeneousgrowth and deformation process shall be modeled, due to the small
dimensions (tissue elements with a typical size of 100lm are con-
sidered). The steady regime will be analyzed in a second step, con-
sidering the nonhomogeneity of the growth process, in order to
highlight the spatial distribution of residual stresses. For both sit-
uations, we have considered an incompressible material, a realistic
assumption for soft biological tissues.
No chemical reactions are considered, and body forces can be
neglected at this scale. A linear isotropic growth model relating
the growth velocity gradient to the modiﬁed Eshelby stress is
considered in accordance with the formulation given at the end
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to account for the inﬂuence of diffusion on growth, as
Lg :¼ _Fg :F1g ¼ f ðnÞTrðRaÞI  f ðnÞfTrðRaÞ=JagI ð6:11Þ
As a slight modiﬁcation of the general model, we incorporate
the trace of Eshelby stress as the driving force for growth, weighted
by the kinetic factor f ðnÞ, function of the nutrient concentration
n ¼ nðRÞ, itself depending on the initial radius R within the present
isotropic framework. Observe that since Eshelby stress is symmet-
rical and the deformation tensors are diagonal, the rotational part
of the growth mapping (involved in its polar decomposition) is
unity; hence the model does not face the issue of nonuniqueness
due to rotations.
The nutrients concentration is supposed to be the essential
growth factor and to linearly affect the growth (a standard hypoth-
esis according to Bryne (2003)), hence the growth function is taken
directly proportional to the nutrient concentration. Using further
the continuity equation (4.7) and assuming a homogeneous con-
centration within the tissue element, the diffusion equation ex-
presses in the actual conﬁguration as (spatial gradients are
neglected due to the homogeneity assumption)
@n
@t
¼ cqðtÞnðtÞ  cq0nðtÞ
detðFaðtÞÞ ð6:12Þ
with the concentration only a function of time, n ¼ nðtÞ. We
accordingly consider a situation in which the typical production
time for chemical factors is comparable to the typical time re-
quired for growth (by contrast, diffusion usually occurs on much
smaller time scales then growth). The increase of nutrient concen-
tration within the tissue element is due to the uptake given by the
right hand side of (6.12); the elasticity of the growing tissue inﬂu-
ences the diffusion process through the ratio of the initial to actual
densities, namely the scalar factor detðFaðtÞÞ. The initial concentra-
tion coincides in the present homogeneous model with the bound-
ary concentration
nð0Þ ¼ n0 ð6:13Þ
Following a classical model (Bryne, 2003) considering that
growth depends linearly upon the nutrient concentration, the ki-
netic factor in (6.11) is further expressed as
f ðn; tÞ ¼ C0
3
nðtÞ  ns
1 ns HðnðtÞ  nsÞ ð6:14Þ
Hence, from (6.11) and (6.41), one obtains the nonisotropic
growth tensor
_GðtÞ:G1ðtÞ ¼ C0 nðtÞ  ns1 ns HðnðtÞ  nsÞTrðRaÞI=3Ja ð6:15Þ
adopting a constant growth rate (C ¼ C0). The concentration
threshold ns and the Heaviside function HðnðtÞ  nsÞ indicate that
growth only occurs if a sufﬁcient minimum quantity of nutrients
is available. The case of a steady growth of spherical tumors has
been analyzed in Ambrosi and Mollica (2002), but without account-
ing for the inﬂuence of diffusion on the growth itself, as reﬂected in
the kinetic term present in (6.15).
The Blatz-Ko hyperelastic compressible constitutive model rep-
resentative of the behavior of soft biological tissues is herewith
adopted (with f ¼ 1); the strain energy density (Blatz and Ko,
1962) in Xa depends upon the ﬁrst and third principal invariants
of the right Cauchy–Green accommodation tensor Ca :¼ At:A, viz
I1 :¼ TrðCaÞ; I3 :¼ DetðCaÞ, as
WgðCaÞ ¼ m2 ðI1  3Þ 
2
q
Iq=23  1
 	 

ð6:16Þwhere m > 0 and q < 0 are material parameters. The stress measure
in the intermediate conﬁguration conjugated to Fa is evaluated as
Pa ¼ @FaWg ¼ r:cof ðAÞ ¼ m ðJaÞqAt þ A
  ð6:17Þ
Using the mass balance (4.5), the Eshelby stress given in (4.17)
writes
Ra ¼WgI At:Pa ¼ Wg þ mðJaÞq
 
I mCa ð6:18Þ
The total deformation is assumed to be an isotropic afﬁne vol-
ume expansion described by the point mapping
r ¼ gðRÞ  kR; h ¼ H; / ¼ U ð6:19Þ
in spherical coordinates (the spherical coordinates in the reference
conﬁguration are R;H;U), with k the stretch. The deformation gra-
dient then results as
F ¼ Diagðg0ðRÞ; gðRÞ=R; gðRÞ=RÞ ¼ kI ð6:20Þ
This deformation ﬁeld is homogeneous and isotropic through-
out the growing spheroid, and is supposed to represent a kinematic
boundary condition (Dirichlet type) of prescribed spatial position
(rðRÞ R0j ¼ kR0 ¼ const), with R0 the reference radius of the spheroid.
From an algorithmic point of view, the differential equation
(6.15) is integrated with an exponential scheme allowing a closed
form representation of Euler–Rodriguez type,
Gnþ1 ¼ exp C0
3
nðtÞ  ns
1 ns
HðnðtÞ  nsÞRa
Ja
Dt
 
Gn ð6:21Þ
with Dt ¼ tnþ1  tn the discretized time interval, and the superscript
therein indicating the considered time step. The algorithm is initial-
ized with an isotropic growth tensor obtained from the ﬁrst order
Taylor expansion of the kinetic equation in an isotropic case
G0  Gðt ¼ t0Þ ¼ 1þ C0Dt3
 
I ð6:22Þ
The initial time t0 (for growth to start) corresponds to the time
when the nutrient concentration reaches the threshold to initiate
growth, nðt0Þ ¼ ns. This means that a diffusion process will take
place before growth occurs; growth and diffusion are coupled
through the kinetic term (6.14) incorporated in the growth model.
The accommodation mapping is numerically evaluated (at each
time step) from the kinematic decomposition (3.1), as
An ¼ Fn  G1
 n
ð6:23Þ
The input parameters adopted for the numerical simulations are
listed in Table 1.
One of the most important parameter governing the growth
kinetics is the production rate of nutrient c; in order to assess
the impact of the kinetics of nutrient diffusion on growth, values
of c in the range c 2 5:104;5:103;5:102
n o
s1 kg1 m3 have
been considered. The case of an imposed expansion is analyzed
in the present example, for the stretch value k ¼ 1:2.
The evolution of the nutrient concentration versus the reduced
time – deﬁned as the physical time scaled by the duration needed
for the concentration to reach unity – is pictured in Fig. 3; the rate
of increase of the nutrient concentration beyond the threshold
concentration is clearly enhanced by the production rate c. The
physical time intervals considered in the present situation are
successively tmax ¼ 302000;34000;4000, corresponding to the produc-
tion rates c ¼ 5:104;5:103;5:102s1:kg1:m3, respectively (those
durations decrease when the production rate increases). The deter-
minant of the growth mapping G (traducing the relative volume
variation due to growth) shows a rapid increase when the produc-
tion of nutrient is fast enough, once the concentration threshold,
quantity ns, has been reached (Fig. 4).
Table 1
Input data for the simulations of a growing spheroidal tumor.
Parameter symbol and deﬁnition Value
R0 initial radius of the tissue
element in X0
R0 ¼ 104 m
Exponent q in Blatz Ko model q ¼ 2
Material parameter m in Blatz Ko
model
m ¼ 106 Pa
Rate of mass production C0 C0 ¼ 10s1:GPa1
Concentrations ns , n0 ns ¼ 0:4; n0 ¼ 0:3
Initial density q0 q0 ¼ 3000 kg=m3
Production rate of nutrients c c 2 f5:104;5:103;5:102g s1 kg1 m3
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growth, the trace of the normalized Eshelby stress Ra=m, is plotted
in Fig. 5: a compressive stress state develops, which thereafter re-
laxes to a zero residual stress when diffusion is fast enough; it ap-
pears that the stress relaxation is quite slow for the lowest
production rate, and leads to a nonzero residual stress. It is logical
for the tumor to be in a state of compression during growth. By
comparison, the stress rapidly (in about one minute) relaxes when
no diffusion takes place (a zoom around the origin of time has been
done in Fig. 6), due to the fact that growth is very fast (about one
minute) before reaching saturation. Note that a ﬁnal conﬁguration
is obtained, and there is no need here (although this would be pos-
sible) to introduce a homeostatic state to relax stresses.
As a matter of comparison, the expansion of the volume up to
saturation is ten times slower: the characteristic duration is about
600’’ for c ¼ 5:102s1:kg1:m3 when diffusion takes place; the
characteristic duration is about 60’’ without diffusion.Fig. 3. Evolution versus reduced time of the nutrient concentration. k ¼ 1:2. Thick solid
c ¼ 5:102 s1 kg1 m3.In a second step, and another aspect of the model, we evaluate
the spatial distribution of stresses in the steady regime, corre-
sponding to residual stresses. We can reasonably assume that the
growth occurs on a much slower time scale in comparison to the
time needed for the chemical species to reach equilibrium, so that
diffusion and production of nutrient balance.
The equations to be solved for the growing spheroid are the bal-
ance of momentum, Eq. (4.15) with no body forces, with boundary
conditions of zero stretch at the center of the growing spheroid and
stretch maintained constant on its external boundary
ðkðR ¼ R0Þ ¼ 1:2Þ and the diffusion equation, which we recall for
the sake of clarity:
Ra ¼ Wg þ mðJaÞq
 
I mCa
F ¼ A:G;detðFÞ ¼ 1
sa :¼ A1
 c
:b
rcðAÞb:a raðAÞb:c
 
r:Ra þ Ra:s ¼ Jaðm:rÞAt:v
k ¼ kðRÞ; kð0Þ ¼ 0; TRRðR0Þ ¼ 1MPa
_GðRÞ:G1ðRÞ ¼ C0 nðtÞns1ns HðnðtÞ  nsÞTrðRaÞI=3Ja
Div DF1Div JF1n
  
¼ cnqJ ¼ cnq0=Ja
nðR ¼ R0Þ ¼ n0 ¼ 0:4
8>>>>>>>>><
>>>>>>>>>:
Growth is assisted by diffusion (through the presence of the
nutrient concentration in the 6th equation in previous system),
and the diffusion equation couples nutrient production and diffu-
sion with the mechanics through the change of volume.
The previous set of equations is written in spherical Lagrangian
coordinates and considering spherical symmetry. The diffusion
coefﬁcient D is assumed to be constant, and the nutrient concen-
tration is maintained to a constant value on the external boundary.line: c ¼ 5:104 s1 kg1 m3. Solid line: c ¼ 5:103 s1 kg1 m3. Thin dotted line:
Fig. 4. Evolution versus reduced time of detðFgÞ. k ¼ 1:2. Thick solid line: c ¼ 5:104 s1 kg1 m3 Solid line: c ¼ 5:103 s1 kg1 m3. Thin dotted line: c ¼ 5:102 s1 kg1 m3.
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mechanical constraints due to surrounding tissue have been im-
posed using the shooting method.
The growth function gðRÞ is pictured in Fig. 7. The radial and
hoop stress distribution are shown in Fig. 8; due to the imposed
boundary condition of compressive radial stress on the outer sur-
face, the outer layer is in compression since it grows more, whereas
the inner layers are in tension. The nutrient concentration is
increasing from the center towards the tumor periphery, towards
the selected boundary value nðR0Þ ¼ n0, as shown in Fig. 9.
Those results show accordingly an important effect of the diffu-
sion of nutrients on growth and stress relaxation.
7. Driving force for the shape variations due to growth
As the body growth, its volume and shape undergo changes due
to both the production of mass and a mass ﬂux occurring through
the boundaries; accordingly, the domain occupied by the body is
continuously changing (this domain change is large over long
times). The domain variation of the stored mechanical energy of
the body due to growth deﬁned in (4.2) is further evaluated in
terms of the evidenced growth Eshelby tensor Ra: the so-called
horizontal part of dEsurfmech accounting for the sole domain variation
due to the variation of the independent variables, here the material
coordinates chosen as parameterization variables (the ﬁelds are
not varied, see the Appendix 2 in Ganghoffer (2010)) can be rewrit-
ten successively in the actual and stress-free conﬁguration as
dhorE
surf
mech ¼
Z
@Bt
Rt:dx:ndð@BtÞ
¼ 
Z
Bg
r:Pa:A:dxxgdXg 
Z
Bg
Pa:s:A:dxxgdXg ð7:1ÞIn deriving (7.1), the following kinematic relation well-known
in conﬁgurational mechanics relating the spatial and material
variations has been used
dxgxþ A:dxxg ¼ 0 ð7:2Þ
This identity relates the two variations dxgx; dxxg in their respec-
tive tangent planes, valid in the neighborhood of the points x;xg , as
a slight extension to anholonomic coordinates of ideas of con-
strained variations introduced in Maugin (1993). The subscript in
those two variations indicates the variable that is kept ﬁxed.
Although no global point mapping xðxgÞ exists, one may still as-
sume the existence of a local mapping, so that tangent planes
can be related in a local neighborhood of the points xg ; x. Thereby,
the material force associated to growth is highlighted as the factor
of the variation dxxg in the right hand side of (7.1), viz in terms of
the stress Pa:
!g :¼ r:Pa:A Pa:s:A ð7:3Þ
with the last contribution on the r.h.s. accounting for incompatibil-
ities (hence the driving force !g is nonconservative in general). Due
to (4.27), the material force !g becomes an expression of the body
forces and mass ﬂux.
Going one step further and using the relation
r:Ra þ Ra:s ¼ At:Jarx:r
resulting from (4.27) and the eulerian balance of momentum (4.11),
the second equality in (7.1) and the identityZ
Xt
rx:r:dxdXt ¼ 
Z
Xg
Jarx:r:A:dxgdxg ð7:4Þ
gives after straightforward calculations the horizontal variation of
the mechanical energy in the stress-free conﬁguration as
Fig. 5. Evolution versus reduced time of TrðRaÞ. k ¼ 1:2. Thick solid line: c ¼ 5:104 s1 kg1 m3 Solid line: c ¼ 5:103 s1 kg1 m3. Thin dotted line: c ¼ 5:102 s1 kg1 m3.
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surf
mech ¼
Z
Xg
r:Ra:dxgdxg þ
Z
Xg
Ra:s:dxgdxg ð7:5Þ
The variation expressed in (7.5) highlights the material force
acting on the evolution of the growing particles expressed versusEshelby tensor Ra and the kinematic measure of compatibility s –
see (4.12)-, both encapsulated into the vector
!g ¼ r:Ra þ Ra:s ð7:6Þ
Fig. 6. Evolution versus physical time of TrðRaÞ=m. No diffusion.
Fig. 7. Isotropic inhomogeneous growth of a sphere: growth function gðRÞ versus
radius.
Fig. 8. Isotropic inhomogeneous growth of a sphere: radial stress (solid line) and
hoop stress (dotted line) versus radius. TRR; Thh . D ¼ 104 m2 s1.
c ¼ 5:104 s1 kg1 m3.
J.-F. Ganghoffer / International Journal of Solids and Structures 50 (2013) 3446–3459 3457This force is dual (in the sense of the inner product) to the var-
iation of the ‘growth’ coordinate xg , hence it tends to promote the
shape variation of the domain occupied by the growing body. Ob-
serve that the ﬁrst contribution in !g is akin to a surface force (by
analogy with the divergence theorem, which would allow express-
ing this contribution as a surface term in the case of a compatiblegrowth), whereas no such interpretation is possible regarding the
second contribution, that remains a volumetric term. In the same
line of thoughts, comparing (7.3) with (7.2) shows that the
material force for growth expressed in terms of Pa is a purely
Fig. 9. Isotropic inhomogeneous growth of a spherical tumor: nutrient concentra-
tion versus radius. D ¼ 104 m2 s1. c ¼ 5:104 s1 kg1 m3.
3458 J.-F. Ganghoffer / International Journal of Solids and Structures 50 (2013) 3446–3459volumetric contribution. In the case of negligible body forces and
considering that growth is usually slow, the material force !g van-
ishes, as can be directly inferred from (4.27), hence !g represents
an out-of-equilibrium force. The derivation of the horizontal varia-
tion of functionals like the stored mechanical energy is interesting
when growth is considered from the point of view of shape
optimization, since it coincides with the notion of shape derivative
(Sokolowski and Zolesio, 1992; Zolesio and Delfour, 2001).8. Conclusion and discussion
In this contribution, we have addressed the issue of a descrip-
tion of growth of continuum solid bodies in an unstressed conﬁg-
uration, which in general is incompatible. The construction of
such a stress-free intermediate conﬁguration is required in order
to compute stresses, and both growth and elastic relaxation refer
to this conﬁguration, a point of view at the root of morphoelastic-
ity. We have elaborated a theory of volumetric growth based on a
description of the kinematics and statics in the stress-free conﬁgu-
ration which is fully consistent from a kinematic and thermody-
namic point of view. The local dissipation relates the rate of
growth tensor to a driving force identiﬁed as an Eshelby stress,
both living in the stress-free conﬁguration. This Eshelby stress
obeys a balance law obtained as a generalized Piola identity,
involving a measure of the growth kinematic incompatibility. The
elaborated growth model is in line with the point of view of conﬁg-
urational mechanics, in the sense that it identiﬁes the driving force
for growth in the true conﬁguration in which internal processes
responsible for structural rearrangements of the body (growth)
occur.
Adopting the viewpoint of structural optimization, the force
driving the evolution of the material points in the stress-free con-
ﬁguration has been identiﬁed; it incorporates the divergence of
Eshelby stress and the measure of kinematic incompatibility. The
developed theory is mathematically interesting and endowed with
some elegance in its formulation. As an advantage of this formula-
tion, since the growth rate is related to a single conﬁguration, there
is no advection equation to be solved for the elastic strain.
The elaborated theory shall serve in future developments as a
convenient platform for the numerical simulation of realistic 2Dand 3D growth situations. The considered example of cylindrical
growth has been solved in a relatively easy manner, due to the ini-
tial assumption of a homogeneous deformation gradient. The cal-
culation of the general solution in more complex cases requires
the implementation of suitable algorithms based on an update of
the growth deformation. This has been achieved in the present
work to simulate diffusion assisted growth of tumors having a
spherical geometry.
Such mechanical models have further to incorporate the very
biochemical mechanisms and the transport phenomena of the
nutrients responsible of growth in true multiphysical models.
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